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Abstract

For Ayo = {(z,y) € {1,...,N —1}?> : 2y = a (mod N)}, let S(N, a) be the area of
the convex hull of Ay , and let S(N) = Zflv:_ol S(N,a). We study these areas as geometric
invariants of the full multiplication table modulo N. The central exact package concerns
the zero residue class: one obtains a sharp degeneracy criterion, an exact divisor-rectangle
description of the hull, a lower-envelope formulation, and an exact hyperbola-gap decom-
position of S(NV,0). As a complementary global result, the first boundary model yields an
exact residue-wise lower model and implies the cubic-order theorem S(N) = ©(N?). The
point of view differs from the usual single-class modular-hyperbola treatment by keeping
the full residue family in view and by making the zero-divisor side of the geometry struc-

turally explicit.
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1 Introduction and positioning

For a fixed integer N > 2, the multiplication table modulo N is the array whose (z,y) entry is
the residue of zy modulo IV, with
1<z, y<N-1

For each residue a € {0,1,..., N — 1} we write
Ang = {(z,y) €{l,...,N -1} 2y =a (mod N)},
and we measure its Euclidean size by

S(N,a) := Area(conv(An,)).



The associated total area is

Proposition 1.1 (Integrality of residue-class areas). For every N > 2 and every residue a €
{0,..., N — 1}, the area S(N, a) is an integer.

Proof. If Ay, is empty or collinear, then S(NV, a) = 0. Otherwise conv(Ay ,) is a lattice polygon,
because its vertices are points of Ay, C Z2.

The map
(l',y) = (N_'IaN_y)

preserves the congruence zy = a (mod N), so Ay, and its convex hull are centrally symmetric
about (V/2, N /2). For a nondegenerate centrally symmetric lattice polygon, the center lies in
the interior, so every boundary lattice point is paired with a distinct boundary lattice point under
this half-turn. Hence the number B of lattice points on the boundary is even.

Pick’s theorem [1] now gives

B
S(N,a) :["_5—17
where I is the number of interior lattice points. Since I is an integer and B is even, S(N,a) is
an integer. [ |

Each fixed set Ay , is already a modular hyperbola in the usual sense [2]. Convex-hull questions
for such sets also appear in the existing literature; see for example Konyagin and Shparlinski's
work on vertex counts [3]. The point of view taken here is different. Rather than studying a
single congruence class in isolation, we keep the whole residue family

{Ano, ANy AN N-1}

inside one multiplication table and ask how the residue-wise convex hulls fit together.

There is also a nearby multiplication-table lineage. The classical Erdés problem asks how many
distinct ordinary products occur in an N x N multiplication table, a quantity known to grow
more slowly than the naive quadratic scale; Koukoulopoulos studies a generalized asymptotic
version of that question [4]. The present note studies a different global invariant: the summed
residue-wise convex-hull area S(NV), whose first theorem already shows genuine cubic order
of growth.

This shift changes the geometry in two ways.

1. The zero residue class becomes central rather than exceptional. For non-prime moduli it



2.

records the zero-divisor side of the multiplication table, and that side has a rigid divisor-
controlled geometry that does not appear in the unit classes.

The table can be built border by border, so the first geometric approximations are forced by
the table itself. This leads to exact boundary-layer models and, already from the first layer,
to a nontrivial global theorem on the growth of S(V).

The present note isolates the strongest theorem-bearing package now available. Its main results
are:

NOo vk

the integrality of every residue-class area S(NV, a);

a sharp degeneracy criterion for the zero class;

an exact divisor-rectangle description of conv(Ay);
a lower-envelope description of the same hull;

an exact hyperbola-gap decomposition of S(V,0);
exact first-boundary formulas;

the cubic-order theorem S(N) = O(N3).

The paper is intentionally compact. It does not try to reproduce the broader framework of
support functions, residue-area polynomials, or higher boundary layers. Those belong to the
longer monograph. The goal here is narrower: to put the zero-class geometry and the first
exact global growth theorem into a form that can be read quickly and judged on its own.

Figure 1 is the opening picture to keep in mind. Prime moduli present only the unit-side geom-
etry, whereas composite moduli already contain a visible zero-divisor class.
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For primes, Ay, o is empty; for composites, the unit geometry and the zero-divisor geometry separate

Figure 1: Prime and composite moduli separate immediately into different geometric
regimes. Prime nonzero classes occupy the full nonzero grid, while composite moduli ex-
hibit both a restricted coprime subgrid and a visible zero-divisor class.



2 Zero-class geometry

The residue class Ay o is where the multiplication table first distinguishes prime from composite
moduli geometrically. For primes there are no zero divisors, so no interior zero class appears.
For composite moduli the same arithmetic obstruction creates a visible planar object.

Theorem 2.1 (Zero-class degeneracy criterion). For every integer N > 2,

S(N,0) =0 <= (N isprime) or N = 4.

Proof. If N = pis prime, thenno z,y € {1,...,p — 1} is divisible by p, so zy # 0 (mod p) and
A, = 9. Hence S(p,0) = 0. For N = 4 one has

Aso =1{(2,2)},

so again the hull is degenerate.

Now assume that NV is composite and NV > 4. If N is even, then
(27N/2>7 (N/2¢2)7 (N_21N/2)7 (N/27N_2)

all belong to Ay and form a rhombus of positive area. If IV is odd composite, choose a proper
divisor d of N and write e = N /d. Then

(d,e), (N —d,e), (d,N—e¢), (N—d,N —e)

all belong to Ax o and form a rectangle of positive area. Thus every composite N > 4 gives
S(N,0) > 0. |

To describe the full hull, one must use the divisor structure of N more systematically.

Definition 2.1 (Divisor rectangles). For each proper divisor d of a composite integer N,

define N N
Rd = [d,N—d] X |:d, N—d:| o

The point is that a proper divisor produces not only one zero-class point such as (d, N/d), but
an entire divisor-controlled rectangle or, in degenerate cases, a segment.



Theorem 2.2 (Exact divisor-rectangle description). If N is composite, then

conv(An,) = conv U Ry

d|N
1<d<N

Proof. Let (z,y) € Axpandsetd = ged(z, N). Writex = dz’ and N = dN' with ged(2/, N') = 1.
Since N | zy, one has N’ | 2/y, hence N’ | y. The divisor d is proper because d = 1 would force
N | yand d = N would force z = N, both impossible. Therefore

N

SySN_77

d<zx<N-d
ST ) d

=

so (z,y) € Ry. This proves
Anp C U Ry.
d|N

1<d<N

Conversely, for each proper divisor d the four corners

(3): () (ox-2). (rmam2)

all lie in Ay . Since Ry is the convex hull of those corners, one has R; C conv(Ay ). Taking
unions and convex hulls gives the reverse inclusion. |

Figure 2 shows why the smallest divisor pair is not enough in general. For N = 12, the rectan-
gles coming from the intermediate divisors 3 and 4 enlarge the hull beyond the seed rhombus
suggested by (2,6) and (6, 2) alone.



Why N = 12 needs all of its proper divisors
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Figure 2: The zero class for N = 12 is built from all proper divisors, not only the extreme
pair. The intermediate divisor rectangles enlarge the true hull beyond the dashed seed
rhombus.

The rectangle description can be compressed further by keeping only the lower corners of the
divisor rectangles.

Definition 2.2 (Divisor points and lower envelope). Assume that IV is composite, and let

p:=min{d>1:d| N}



be the smallest proper divisor of N. Define

EN::{<d,];r>, (N—d,g>:1<d<N,d1N}.

Forp < z < N — p, let /x(x) be the y-coordinate of the lower edge of conv(Ey) at
horizontal position z.

Proposition 2.3 (Lower-envelope description of the zero-class hull). If N is composite, then

conv(Ano) ={(z,y) :p<z <N —p, In(z) <y <N —In(2)}.

Proof. By the divisor-rectangle theorem it is enough to describe the hull of the union of the
rectangles R;. For a fixed x-coordinate, the lowest point in any contributing rectangle occurs
on its lower edge at height NV /d for some proper divisor d. These lower-edge points are exactly
the points that generate conv(Ey ). Thus the lowest possible height in the hull at coordinate =

is ZN(‘T)

The zero class is centrally symmetric under (z,y) — (N — x, N — y), so the upper boundary is
the reflected graph y = N — ¢x(z). The horizontal range is exactly [p, N — p] because every
divisor rectangle lives in that strip. |

Corollary 2.4 (Integral formula). If N is composite, then

S(N,0) = / "N — 2y (@) o

Proof. The previous proposition identifies the vertical thickness of the hull at coordinate x as
(N —tUn(z)) — In(z) = N — 20N (z).

Integrating this thickness over [p, N — p] gives the area. [ |

3 Hyperbola-gap decomposition

The divisor points



lie on the continuous hyperbola

y=—
x

but the lower edge of the zero-class hull is not the hyperbola itself. It is the polygonal lower
convex envelope through the sampled divisor points. The first task is therefore to compare the
exact envelope with the continuous curve.

Figure 3 shows the basic picture. The support vertices lie on the hyperbola, but the line seg-
ments joining them lie above it.

Hyperbola versus divisor envelope for N =12

hyperbolay =12/x
6- @ = |ower hull y =/15(x)
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polygonal lower hull y = £15(x)

vertices lie on the hyperbola, hyperbola y = 12/x

2 - polygonal edges do not
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Figure 3: For N = 12, the lower hull is a polygonal envelope through divisor points on the
hyperbola y = 12/2. The vertices lie on the curve, but the edges are straight chords and
therefore sit above the hyperbola.



Proposition 3.1 (The divisor envelope lies above the hyperbola). If N is composite, then

Proof. The function z — N /x is convex on (0, co) because

& (N\ 2N =0

dz2 \z ) a3 '
Hence every secant line between two divisor points on the left lower hull lies above the hyper-
bola on the interval between them. Those secants are precisely the linear pieces of /5 before
the symmetry point z = N /2. If N is odd, the final interval from the last divisor point to N /2 is

horizontal, and the decreasing hyperbola still lies below it. Thus ¢ (z) > N /z throughout the
informative half. |

Definition 3.1 (Left-half hyperbola gap). For composite NV, define

Ay = /p e <€N(x) - JZ> da.

By the preceding proposition, Ay > 0. Geometrically it is exactly the area between the polyg-
onal lower envelope and the continuous hyperbola on the informative left half of the picture.

Theorem 3.2 (Exact hyperbolic decomposition of the zero-class area). If N is composite,

then N
S(N,0) = N(N —2p) —4N n (2> —4Ap.
D

Proof. From the integral formula of the previous section,
N-p
S(N,0) = / (N —2x(z)) d.
p
Because /(N — x) = {x(x), the integrand is symmetric about 2 = N /2, so
N/2
S(N,0) = 2/ (N —2n(z)) d.
p

Now write



Then
N —2(y(z) = (N - 2N> -2 (éN(:r) - ZD )

X

and substitution yields

S(N,0) :2/pN/2 <N— 2?) dx—4/pN/2 (EN(x) - f) da.

The second integral is exactly Ay. The first is elementary:

N/2
2/ (N—QN) dm:2[Nm—2N|nw]§,V/2:N(N—zp)—4N|n<;V).
p x P

Combining the two terms gives the identity. |

The significance of the formula is conceptual as well as exact. The term

N
N(N —2p) —4Nn <>
2p
is the area obtained by replacing the polygonal divisor envelope with the smooth hyperbola
on the informative half and then reflecting by symmetry. The exact zero-class area is that
continuous baseline minus the arithmetic correction 4A .

This places the formula beside the same classical hyperbolic backdrop that underlies the Dirich-
let divisor problem [5]. The object measured here is different, however: Ay is not a lattice-point
counting error term below the hyperbola, but the exact convex-envelope discrepancy between
the smooth curve and the polygonal divisor hull.

4 First boundary and cubic growth

The zero class controls one sharp piece of the composite geometry. A complementary global
theorem comes from the outer frame of the multiplication table.

Definition 4.1 (First boundary). For N > 2and a € {0,1,..., N — 1}, define
BY), == Ana N ({1, N =1} x {1,...,N = 1) U({1,...,N = 1} x {1, N — 1})),

and set

N-1
SD(N,a) := Area(conv(BY),)),  SD(N):= 3" SO, a).
a=0

10



By construction,

By, CAna,  SU(N,a) < S(N,a),  SD(N) < S(N).

So the first boundary is an exact lower model, not a heuristic truncation.

Theorem 4.1 (Exact first-boundary formula). For every N > 2,
SW(N,0) =0,

andforl <a < N —1,
SM(N,a)=2(a—1)(N—a—1).

Proof. On the row = = 1, the congruence xy = a (mod N) gives the point (1, a). On the column
y = lit gives (a,1). On the opposite row and column one gets

(N—-1,N —a), (N —a,N —1).

These four points form a parallelogram, degenerate whena = 1 ora = N — 1. Its area is the

|det(a_1 N_2>|:2(a—1)(N—a—1).
1—a N -—2a

determinant

This proves the formula. [ |

Figure 4 shows the four-point geometry in one glance.

11



First-boundary parallelogram for N=11, a=3
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Figure 4: For N = 11 and a = 3, the four first-boundary points form a parallelogram whose

area is the exact first-boundary contribution S (11, 3).

Corollary 4.2 (Exact total first-boundary sum). For every N > 2,

sy = N =AW =NV -1)
3
Proof. Summing the residue-wise formula gives
N-1
SON) = 2(a-1)(N-a-1).
a=1

With the change of variables b = a — 1, this becomes

N-2
23 b((N —2)-b),
b=
and the standard identities for >_ b and >~ b? simplify it to the stated cubic polynomial.

The first boundary already forces the correct scale for the total area.

12



Theorem 4.3 (Cubic-order theorem). For every N > 2,

(N =3)(N = 2)(N = 1)

3 < S(N) < N(N - 2)2

In particular,
S(N) = O(N?).

Proof. The lower bound is exactly
SW(N) < S(N)

together with the previous corollary. For the upper bound, every hull conv(Ay ;) lies inside the
square [1, N — 1]?, whose area is (N — 2)2. Hence

S(N,a) < (N —2)?
for every residue a, and summing over the N residue classes gives
S(N) < N(N —2)2

The two explicit cubic bounds imply S(N) = O(N?). [

This theorem does not identify the sharp leading constant, but it already shows that the accu-
mulated area of all residue classes has genuine cubic size. In particular, the outer frame alone
contributes a full cubic-order amount:

5 Closing remarks

Two natural continuations lie immediately beyond the scope of this note.

The first is the second boundary. When N is odd, the same border-by-border viewpoint yields
a second exact lower model: if

By, = Ana N (({2,N =2} x {1,...,N =1} U({1,...,N — 1} x {2, N — 2})),

52 (N,a) := Area(conV(Bj(Vg?a))a

and b =27'a (mod N), then

S@(N,a)=2|b—2||N —b—2|

13



for1 < a < N — 1, together with an explicit cubic formula for the total 5(2)(N). That result fits
naturally behind the first-boundary theory developed here, but it is not needed for the main
theorem package of the present paper.

The second continuation is structural rather than quantitative: characterize the points of Ay,
that actually become vertices of conv(Ay ). The zero class is now understood exactly, and the
first boundary already forces cubic growth of S(IV), but the general vertex mechanism remains
open. That problem seems to be the right next step if one wants to move from explicit lower
models toward a sharper description of the full hull geometry.

The broader monograph develops these extensions, examples, and related conjectures. The
purpose of the present note is more concentrated: to record a compact exact theory in which
the zero-divisor geometry of the multiplication table modulo N becomes visible and the first
global growth theorem for the total area follows from an equally explicit boundary model.
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